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1. Introduction 
Let 1 + R + Fz G + 1 be a non-cyclic free presentation of a group G (i.e. F is a 
free group of rank > 1, R is a normal subgroup of F and ar : F/R % G). The free 
Abelian group R/R’, where R’ is the derived group of R, can be regarded as a right 
G-module via conjugation in F. To be specific, 
rR’.g = f -‘rfR’ (rER,gEG,fEF, adf)=g). 
This module is called a relation module of G. Our aim here is to prove that every 
relation module R/R’ is a faithful G-module. 
2. Main result 
Theorem 2.1.. For every non-cyclic free presentation 1 + R + F s G + 1, R/R’ is a 
faithful G-module. 
Roof. Let Ann R/R’= {z E ZGiFz = 0 for all FE R/R’), where ZG is the integral 
group ring of G. Then we have to show that Ann R/R’ = (0). 
Let (Xi)iEI be a set of free generators of F. Then we have partial derivations 
di : F + ZF satisfying 
di(Xj) = 6ij (Kronecker de1 ta) 
and 
di(xu) = diOY + diC.Y) 9 x,yEF. 
By Lemma 4.3 of Mital [4] 
AnnR~R’=(z~ZGladi(r)oz=OforallrER, El}, 
where a has been extended to 2 F by linearity. Consider the ideal \)I: , say, generated 
by Ann R/R’in QG, where QG is the group algebra of G over the field Q of rational 
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numbers. Every element of 3 is clearly of the form z/n, z E Ann R/R”, 0 # II E 2. 
Thus, in QG, ‘I)( is an arwihilator ideal, being the right annihilator of the set 
ince QG is semiprime [7, Theorem 3.31, we have 
%=((UnQA+)QG 
by [7, Theorem 25.31, where 
A+ = {x E G 1x has only a finite number of distinct 
conjugates inG and order of x is finite ) 
A+ is its group algebra over Q. We assert hat 
%~QA+ =(o). 
For, let 0 # w \E 31 n QA? Then w = z/q wkere z E (Ann R/R’) n ZA+ and 
0 # 1~ EZ. Let H be the subgroup generated lijl the elements of A+ which occur in 
z, i.e. the support group of z. Since A+ is locally finite [7, Lemma 19.31, H is a 
finite group. Let E = trl(H). Then we have a free presentation (non-cyclic) 
of W with z E Ann R/R’ in 2X. Thus it is enough to prove the theorem for finite 
groups G. But if G is finite, then R/R’@ 2 Q as a QG-module is faithful. If F has 
finite rank, then this assertion is clear from Gaschiitz’s theorem [2, p. 2721. If the 
rank of F is infinite, then it is possible to choose a set of fret: generators xi of F 
such that at least one of them lies in R. The assertion then follows from Mital’s 
llerrrma [4,4.3). Hence for G finite R/R' is a faithful G-mofdule. “Uris completes 
the proof of Theorem 2.1, 
&mark 2.2. VVe may point out two well-known special cases of Theorem 2.1. 
(i) Auslander-Lyndon [I]: 
gEG,g- 1 EAnnRjR’*g= 1. 
O<nEZ,gEG,(g-IrEAn~R/R’~g= 1. 
3. Applications 
Let 1 + R + Fz G + 1 be a non-cyclic fi-ee presentation of a group G, 
R = RI 3 R2 3 l . . 3 R, 3 . . . the lower central series of R, Then, like R/R’, 
II > 1) can be regarded as a right G-module by defining the action of G 
tion in F. Corollary 3.10 of Mital-Passi [S] gives the following 
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Let AF, A, denote the augmentation ideals of ZF and ZR respectively. Then the 
nth Fox subgroup F(.:, R) of F relative to R is defined as 
F(n,R)=Fn(l+A;A,) (0 1). 
The quotient F(n, R)/F(n+l , R), n 2 1, can be regarded as a right G-module via 
conjugation in F. Theorem 3.1 of Gupta-Passi [ 31 gives the following 
Corollary 3.2. Let R C FC, R Q F,,,. Then F(n, R)/F(n +l , R) is a faithful G-module 
for all n 2 c. [Here Fi denotes the ith term in the lower central series of F.] 
Our last application was the main motivation for this investigation of relation 
modules. 
Corollary 3.3. Let 1 --) R + F -% G --) 1 be a non-cyclic free presentation. Then FIR’ 
is residually nilpotent if and only if n,, AE = (O), where A, is the augmentation 
ideal of ZG. 
Proof. See [4, Theorem 3.1 and Lemma 4.11. 
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